A polynomial P(x ίf * *> %n) is positive if its coefficients arê 0 and not all 0, copositive if it is > 0 whenever the variables are ^ 0 and not all 0. Evidently (if needed, after multiplication by -1) every real divisor Q of a positive polynomial P with P(0) Φ 0 is copositive. Conversely, every real copositive polynomial Q with copositive highest and copositive lowest homogeneous part is a divisor of a positive polynomial P, and P/Q may be chosen (1) as a product of positive 1-variable polynomials and positive homogeneous polynomials or, alternatively, (2) positive and so that all terms of P from its lowest up to its highest degree are positive; or, if n = 1, (3) so that P has no more nonzero terms than Q or, for n = 1 and quadratic Q, (4) as a power of a positive linear function, or (5) so that (1) and (3) hold. For power series in a multidisk analogous results hold, for n = 1 partly depending on the finiteness of the number of complex zeros in the disk. , n. This property is obviously inherited by all polynomial divisors of P. In this note we examine to what extent, conversely, every polynomial without real nonnegative zeros is the divisor of a positive polynomial and investigate the type of multipliers that yield positive products as well as the type of positive products obtainable.
If P(x) is a positive polynomial, that is

P(x) = P(x 19
In §2 we consider polynomials of one variable. In §3 we generalize these results to functions of an arbitrary number of variables. In §4 we consider generalizations to power series. 2* Polynomials of one variable without nonnegative zeros* We may clearly restrict attention to polynomials with real coefficients since the l.c.m. of P(x) and P(x) has a nonnegative zero if and only if P(x) does. Factoring the (monic) real polynomial P(x) over the reals we may get some monic first degree polynomials, which by hypothesis have positive coefficients, and some second degree factors
corresponding to pairs of complex conjugate zeros τe ±u \ 0 < θ < π. all lie in the closed half-plane 0 <^ arg z ^ π and hence the only vanishing linear combination with positive coefficients is a multiple of r n Λ + l.r n e tnθ , so that the only monic positive multiple of Q of degree n is P(x) = x n + r\ The ratio It would be wrong to assume that the set & of multipliers R(x) of minimal degree for which RQ is positive must contain a positive polynomial. For example the cyclotomic polynomial Φ 30 (x) divides x 15 + 1 but Φ 30 has a quadratic factor x 2 -(2 cos ττ/15)x + 1 that divides no other monic positive polynomial of degree 15 or less, while
We conclude this section by showing that every real quadratic polynomial Q without nonnegative real zeros, and hence every real polynomial without nonnegative real zeros, can be multiplied by powers of linear positive polynomials to yield positive products. •
By choosing m odd we can make all P {k) (0) > 0.
COROLLARY 2.7. A reαί polynomial Q(x) without nonnegative real zeros can be multiplied by a polynomial R(x) with only negative real zeros so that R(x)Q(x) is positive.
We can also require that all coefficients of R(x)Q(x) are positive, and that the coefficients of R(x) are integers.
3* Polynomials of several variables without zeros in the real nonnegative orthant* As in §2 we may assume that we are dealing with real polynomials. Now assume that Q(x lf --, x n ) Φ 0 for all x y ;> 0, , x n ^ 0. Writing x = rξ where r = || x || 2 and ξ = (ζ lf •••,?») is a unit vector we can write
where Q δ (x) is the homogeneous part of degree δ of Q. If Q d (x) has nonnegative zeros then it may be impossible to find nonzero homogeneous multiples of Q d (x) with nonnegative coefficients, so that the leading homogeneous part of any nonzero product R(x)Q(x) has some negative coefficients. For example the polynomial Q(x, y) = 1 + (x -yf has no real and hence no positive zeros, yet (x -y) 2 R(x, y) cannot have nonnegative coefficients for any nonzero polynomial R(x, y). Thus, in order to generalize the results of §2 we must modify our hypothesis, by excluding " zeros at infinity " in the nonnegative orthant. (x/ξl) where the product is extended over all ξ i whose nonzero component of minimal index is the v-th component ζi. Then
is a positive polynomial in r for all x in the nonnegative orthant. In other words the homogeneous parts of P(x) are positive in the positive orthant. We have thus reduced the problem to that of homogeneous divisors of positive polynomials. LEMMA 
// Q(x) is a homogeneous polynomial which is positive on the nonnegative orthant of the unit sphere then there exists a positive homogeneous polynomial R(x) so that R(x)Q(x) has positive coefficients.
Proof. We use induction on the number of variables, n. Consider the polynomial Q*(y 19 , y n^) = Q(y ly , y n -19 1). Then by hypothesis Q*(y) > 0 for all y in the nonnegative orthant and its leading homogeneous part Q(i/i, , 3/ w _i, 0) is positive for all nonnegative unit vectors y. Thus by Theorem 3.2 there exists multiplier so that
P*(y) = R!( yi ) -RU(y^)Q*(v)
has homogeneous parts which are positive on the nonnegative orthant of the unit sphere in ?/-space. By the induction hypothesis each homo- 
has nonnegative coefficients. If Q(0) -0 is allowed then we must make a similar assumption for the "trailing" (lowest-degree) homogeneous part.
The polynomial P(x) in (3.5) has homogeneous factors and therefore in general P(0) = 0. However, assuming again ζ)(0) > 0, it is possible to construct positive multiples P(x) of Q(x) so that any prescribed monomial has a positive coefficient or even so that all monomials whose degree is no higher than degP have positive coefficients. To see this we proceed by induction on the number of variables, to find positive multipliers R,{x 2 , 
. For every polynomial Q(x) which is nonzero in the nonnegative orthant and whose leading homogeneous part is nonzero on the nonnegative orthant of the unit sphere there exists a positive polynomial R(x) so that P(x) -R(x)Q(x) has positive coefficients for every monomial whose degree is no greater than degP.
If Q(0) = 0 is allowed then P(x) will only have positive coefficients for every monomial whose degree is no greater than deg P and no less than that of the trailing part of P.
We note that like Corollary 2.4 for polynomials of one variable, and Lemma 3.3 for homogeneous polynomials, but unlike Theorem 3.4, Theorem 3.6 implies that the class of divisors of polynomials with specified positivity or nonnegativity properties of their coefficients coincides with the class of polynomials which, together with their leading and their trailing part, have no zeros, other than 0, in the nonnegative orthant.
In a manner analogous to that used in the proof of Theorem 2.5 we could get bounds on the minimal number of monomials in a positive multiple of Q(x). The results are harder to state and we omit them. Proof. Let the zeros of f{x) be x 19 x 2 , with x n = r n e i0 * where 0 < rj. ^ r 2 ^ ^ r n ^ < r and 0 < θ n < 2π. For each θ n there exist arbitrarily large integers N n so that N n Θ n is in the closed second quadrant, and x n satisfies the equation with nonnegative coefficients
If we choose N % so large that (r m /r n )
Nn < 2~n for all r m < r n then the product
converges for all | x | < r and has nonnegative coefficients. Since every zero of f(x) in | x | < r is a zero of no lower multiplicity of P(x), it follows that P/f is analytic in \x\ <r.
The function P(x) is a polynomial if / has a finite number of zeros in I x I < r. Otherwise P(x) has infinitely many zeros in \x\ < r and therefore its radius of convergence is r.
The construction of P(x) does not permit us to say that P/f can be chosen to be a positive power series and we have not been able to solve the following. In a manner analogous to that used in §3 we can now establish the following generalization of Theorem 4.5 to power series in several variables. The Supporting Institutions listed above contribute to the cost of publication of this Journal, but they are not owners or publishers and have no responsibility for its content or policies.
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